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JACOB’S LADDERS AND THE ASYMPTOTIC FORMULA FOR
THE INTEGRAL OF THE EIGHT ORDER EXPRESSION
|ζ(1/2 + iϕ2(t))|4|ζ(1/2 + it)|4
JAN MOSER
Abstract. It is proved in this paper that there is a fine correlation between
the values of |ζ(1/2 + iϕ2(t))|4 and |ζ(1/2 + it)|4 where ϕ2(t) stands for the
Jacob’s ladder of the second order. This new asymptotic formula cannot be
obtained in known theories of Balasubramanian, Heath-Brown and Ivic.
1. Results
Let µ(y) ∈ C∞([y0,∞)) is a monotonically increasing (to +∞) function, and let
it obey µ(y) ≥ 4y ln y. Similarly to [3], (3.1)-(3.9) we obtain that there exists an
unique solution xµ(T ) = ϕ2(T ;µ) = ϕ2(T ), T ≥ T0[µ] to the nonlinear integral
equation
(1.1)
∫ µ[x(T )]
0
Z4(t)e−
t
x(T ) dt =
∫ T
0
Z4(t)dt.
Remark 1. The function ϕ2(T ) is to be named the Jacob’s ladder of the second
order. This function obeys the following properties
(a) it is increasing for T ≥ T0,
(b) if T = γ is a zero of the function ζ(1/2 + iT ) of the order n(γ) then
ϕ′2(γ) = ϕ
′′
2 (γ) = · · · = ϕ(4n)2 (γ) = 0, ϕ(4n+1)2 (γ) 6= 0,
(c) if
Φ2(y) =
∫ µ(y)
0
Z4(t)e−
t
y dt, y = ϕ2(T )
then
(1.2) Z4(t) = Φ′2[ϕ2(T )]
dϕ2(T )
dT
; Φ′2 =
dΦ2
dϕ2
, T ≥ T0,
where
(1.3) Φ′2(y) =
1
y2
∫ µ(y)
0
tZ4(t)e−
t
y dt+ Z4[µ(y)]e−
µ(y)
y
dµ(y)
dy
.
The following theorem holds true
Theorem. If
(1.4) [T, T + U ] = ϕ2



T˚ ,
˚
T˙ + U



 , U = T 13/14+2ǫ,
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then
(1.5)
∫ ˚T¯+U
T˚
∣∣∣∣ζ
Å
1
2
+ iϕ2(t)
ã∣∣∣∣4 ∣∣∣∣ζ Å12 + it
ã∣∣∣∣4 ∼ 14pi4U ln8 T, T →∞.
Remark 2. The formula (1.5) is the first asymptotic formula in the theory of the
Riemann zeta-function for the eight order expression
∣∣∣∣ζ
Å
1
2
+ iϕ2(t)
ã∣∣∣∣4 ∣∣∣∣ζ Å12 + it
ã∣∣∣∣4 = Z4[ϕ2(t)]Z4(t),
where
Z(t) = eiϑ(t)ζ
Å
1
2
+ it
ã
, ϑ(t) = − t
2
lnpi + Im lnΓ
Å
1
4
+ i
t
2
ã
.
It is clear that the formula (1.5) cannot be obtained by complicated methods of
Balasubramanian, Heath-Brown and Ivic (see [2]).
This paper is a continuation of the series of works [3]-[9].
2. Consequences of the Titchmarsh-Atkinson formula
Titchmarsh has proved in 1928 the following formula (see [10], pp. 137, 141,
[11], p. 143)
(2.1)
∫ ∞
0
Z4(t)e−δtdt ∼ 1
2pi2
1
δ
ln4
1
δ
.
Let us remind the Titchmarsh-Atkinson formula (see [11], p. 145)∫ ∞
0
Z4(t)e−δtdt =
1
δ
Å
A ln4
1
δ
+B ln3
1
δ
+ C ln2
1
δ
+D ln
1
δ
+ E
ã
+(2.2)
O
®Å
1
δ
ã13/14+ǫ´
, A =
1
2pi2
which improved the Titchmarsh formula (2.1). The following lemma is true.
Lemma 1.∫ T
0
Z4(t)dt = ϕ2(T )
{
A ln4 ϕ2(T ) +B ln
3 ϕ2(T ) + C ln
2 ϕ2(T )+(2.3)
+D lnϕ2(T ) + E}+O
¶
(ϕ2(T ))
13/14+ǫ
©
, A =
1
2pi2
.
Proof. Similarly to [3], (4.3)-(4.6) we have
Z4(t)e−
δ
2 t < te−
δ
2 t = f2(t; δ) ≤ f2
Å
2
δ
; δ
ã
=
2
eδ
,
∫ ∞
U
Z4(t)e−
δ
2 te−
δ
2 tdt <
4
eδ2
e−
δ
2U .
The value U = µ(1/δ) is to be chosen by the following rule
4
eδ2
e−
δ
2U ≤ 1√
δ
⇒ µ
Å
1
δ
ã
≥ 4
δ
ln
1
δ
>
2
δ
ln
4
eδ3/2
.
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Now (2.2) implies∫ µ(1/δ)
0
Z4(t)e−δtdt =
1
δ
Å
A ln4
1
δ
+B ln3
1
δ
+ C ln2
1
δ
+(2.4)
+D ln
1
δ
+ E
ã
+O
®Å
1
δ
ã13/14+ǫ´
, µ
Å
1
δ
ã
≥ 4
δ
ln
1
δ
.
Since (see (1.1), compare [3], (3.3))∫ µ(1/δ)
0
Z4(t)e−δtdt =
∫ M2(y)
0
Z4(t)dt,
and 1δ = y = ϕ2(T ), M2[ϕ2(T )] = T , then (2.4) implies (2.3). 
3. The asymptotic formula ϕ2(T ) ∼ T
The following lemma is true.
Lemma 2.
(3.1) ϕ2(T )− T = O
Å
T
lnT
ã
, T →∞.
Proof. In 1924 Ingham has proved the following formula (see [1], p. 277, [11], p.
125)
(3.2)
∫ T
0
Z4(t)dt =
1
2pi2
T ln4 T +O(T ln3 T ).
Let us remind the Ingham-Heath-Brown formula (see [2], p. 129)
(3.3)
∫ T
0
Z4(t)dt = T
4∑
k=0
Ck ln
4−k T +O(T 7/8+ǫ),
which improved the Ingham formula (3.2); C0 =
1
2π2 is the Ingham constant.
Putting T = M2(y);ϕ2(T ) = ϕ2[M2(y)] = y into eq. (2.3) we obtain∫ M2(y)
0
Z4(t)dt = y
(
C0 ln
4 y +B ln3 y + C ln2 y +D ln y + E
)
+O(y13/14+ǫ).(3.4)
Furthermore, putting T = 45y,
5
4y into eq. (3.3) and comparing with the formula
(3.4) we obtain
4
5
y < M2(y) <
5
4
y ⇒ 4
5
ϕ2(T ) < T <
5
4
ϕ2(T ) ⇒ 4
5
T < ϕ2(T ) <
5
4
T,
i.e.
(3.5) |ϕ2(T )− T | ≤ 1
4
T.
Now, by comparing of the formulae (2.3), (3.3) (see (3.5)) we obtain
(3.6) C0
{
ϕ2(T ) ln
4 ϕ2(T )− T ln4 T
}
= O(T ln3 T ).
Next, from (3.6) by the Taylor formula and (3.5), we obtain
C0
(
ln4 T + 4 ln3 T
)
[ϕ2(T )− T ] +O
®
ln3 Tˆ
Tˆ
[ϕ2(T )− T ]2
´
=(3.7)
O(T ln3 T ), Tˆ = O(T ).
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Finally, we obtain (3.1) from (3.7). 
4. Lemma about Φ′′y2 [ϕ2(T )]
By (1.3) we have
(4.1) Φ′′y2(y) = J +Q,
where
J =
1
y3
∫ µ(y)
0
Å
t2
y
− 2t
ã
e−
t
yZ4(t)dt,(4.2)
Q = e−
µ(y)
y
®
2
y2
µ(y)
dµ(y)
dy
Z4[µ(y)] + 4
Å
dµ(y)
dy
ã2
Z3[µ(y)]Z ′[µ(y)] −(4.3)
−1
y
Å
dµ(y)
dy
ã2
Z4[µ(y)] +
d2µ(y)
dy2
Z4[µ(y)]
´
.
The following lemma is true.
Lemma 3. If µ(y) = 4y ln y then
(4.4) Φ′′y2 [ϕ2(T )] = O
ß
1
T
ln4 T (ln lnT )2
™
.
Proof. Let
g1(t) =
Å
t2
y
− 2t
ã
e−
t
y , t ∈ [0, µ(y)].
We apply the following elementary facts
min{g1(t)} = g1[(2−
√
2)y] = −2(
√
2− 1)e−2+
√
2y,
max{g1(t)} = g1[(2 +
√
2)y] = 2(
√
2 + 1)e−2−
√
2y,(4.5)
g1(t) ≤ g1(y ln ln y) < y (ln ln y)
2
ln y
, t ∈ [y ln ln y, 4y ln y],
and the Ingham formula (see (3.1)). First of all we have (see (4.2))
1
y3
∫ y ln ln y
0
= O
Ç
1
y2
∫ y ln ln y
0
Z4(t)dt
å
= O
Å
1
y2
y ln4 y ln ln y
ã
=(4.6)
= O
Å
1
y
ln4 y ln ln y
ã
,
1
y3
∫ 4y ln y
y ln ln y
= O
Ç
1
y3
y
(ln ln y)2
ln y
∫ 4y ln y
0
Z4(t)dt
å
=(4.7)
= O
Å
1
y2
(ln ln y)2
ln y
y ln5 y
ã
= O
Å
1
y
ln4 y(ln ln y)2
ã
by (3.1), (4.5). Next we have (see (4.3))
(4.8) Q(y) = O
Ç
ln3 y
y3
å
.
Finally, we obtain (4.4) from (4.1) by (4.2), (4.3), (4.6)-(4.8). 
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Remark 3. It is quite evident that our lemma (i.e. also Theorem) is true for
continuous class of functions
µ(y) = 4yω1 lnω2 y, ω1, ω2 ≥ 1.
5. Proof of the Theorem
5.1. Since
G(t) = t(A ln4 t+B ln3 t+ C ln2 t+D ln t+ E) ⇒
G′(t) = A ln4 t+O(ln3 t),
then from (2.3) we obtain (see (3.1))
∫ T+U
T
Z4(t)dt =
[
A ln4 ξ +O(ln3 ξ)] [ϕ2(T + U)− ϕ2(T )] +O(T 13/14+ǫ)(5.1)
=
[
C0 ln
4 ξ +O(ln3 ξ)]U tan[α2(T, U)] +O(T 13/14+ǫ),
where
U = T 13/14+2ǫ, A = C0 =
1
2pi2
, ξ ∈ (ϕ2(T ), ϕ2(T + U)),(5.2)
tan[α2(T, U)] =
ϕ2(T + U)− ϕ2(T )
U
,
and α2(T, U) is the angle of the chord of the curve y = ϕ2(T ) that binds the points
[T, ϕ2(T )] and [T + U,ϕ2(T + U)].
Next we have (see (3.3))
(5.3)
∫ T+U
T
Z4(t)dt = C0U ln
4 T +O(U ln3 T ).
Comparing formulae (5.1), (5.3) we obtain
(5.4) tan[α2(T, U)] =
ln4 ξ +O(ln3 ξ)
ln4 T +O(ln3 T ) +O
Å
1
T ǫ ln4 T
ã
.
Next we have (see (3.1), (5.2))
ln ξ = ln{ϕ2(T ) + ξ − ϕ2(T )} = lnϕ2(T ) +O
ß
ϕ2(T + U)− ϕ2(T )
ϕ2(T )
™
=
= lnT +O
Å
1
lnT
ã
,
i.e.
(5.5) ln4 ξ = ln4 T +O(ln3 T ); ln3 ξ = O(ln3 T ).
Hence we have
(5.6) tan[α2(T, U)] = 1 +O
Å
1
lnT
ã
.
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5.2. Next we have (see (1.2))
∫ T+U
T
Z4(t)dt =
∫ T+U
T
Φ′2[ϕ2(t)]dϕ2(t) =
Φ′2[ϕ2(η)][ϕ2(T + U)− ϕ2(T )] = Φ′2[ϕ2(η)]U tan[α2(T, U)], η ∈ (T, T + U),
i.e. (see (5.6))
(5.7)
∫ T+U
T
Z4(t)dt = Φ′2[ϕ2(η)]
ß
1 +O
Å
1
lnT
ã™
U, U = T 13/14+2ǫ.
Comparing formulae (5.3) and (5.7) we obtain
(5.8) Φ′2[ϕ2(η)] = C0 ln
4 T +O(ln3 T ).
We have next (see (4.4))
Φ′2[ϕ2(t)]− Φ′2[ϕ2(η)] = Φ′′2 [ϕ2(ρ)][ϕ2(t)− ϕ2(η)] =(5.9)
O
ß
1
T
ln4 T (ln lnT )2|ϕ2(t)− ϕ2(η)|
™
, t, η, ρ ∈ [T, T + U ].
Since (see (3.1))
ϕ2(t)− ϕ2(η) = t− η +O
Å
T
lnT
ã
= O
Å
T
lnT
ã
then we obtain from (5.9) by (5.8)
Φ′[ϕ2(t)] = Φ
′
2[ϕ2(η)] +O
{
ln3 T (ln lnT )2
}
=(5.10)
C0 ln
4 T +O {ln3 T (ln lnT )2} .
Hence, we obtain from the formula (see (1.2))
Z4(t) = Φ′2[ϕ2(t)]
dϕ2(t)
dt
, t ∈ [T, T + U ]
by (5.10) the main formula
(5.11)
Z4(t) = C0 ln
4 T
ß
1 +O
Å
(ln lnT )2
lnT
ã™
dϕ2(t)
dt
, t ∈ [T, T + U ], U = T 13/14+2ǫ.
5.3. Putting
(5.12) Z4(t) = Z
4(t)
1 +O
¶
(ln lnT )2
lnT
© ,
we obtain (see (5.11))
(5.13) Z4(t) = C0 ln4 T dϕ2(t)
dt
, t ∈ [T, T + U ].
Then from (5.13) by (5.3) we obtain the following Z4-transformation
∫ ˚T¯+U
T˚
Z4[ϕ2(t)]Z4(t)dt = C0 ln4 T
∫ ˚T¯+U
T˚
Z4[ϕ2(t)]
dϕ2(t)
dt
dt =(5.14)
C0 ln
4 T
∫ T+U
T
Z4(t)dt = C20U ln
8 T +O(U ln7 T ).
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Since (see (5.12))
∫ ˚T¯+U
T˚
Z4[ϕ2(t)]Z4(t)dt =(5.15)
=
1
1 +O
¶
(ln ln τ)2
ln τ
© ∫
˚
T¯+U
T˚
Z4[ϕ2(t)]Z
4(t)dt, τ ∈ (T˚ ,
˚
T˙ + U),(5.16)
and T →∞ ⇒ τ →∞; ϕ2(T˚ ) = T , then the formula (1.5) follows from (5.14) by
(5.15).
I would like to thank Michal Demetrian for helping me with the electronic version
of this work.
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